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Dynamic Stability of Flexible Forward Swept Wing Aircraft

Terrence A. Weisshaar* and Thomas A. Zeilert
Purdue University, West Lafayette, Indiana’

This paper discusses the importance of including aircraft rigid-body modes in the aeroelastic analysis of
forward swept wing aircraft. Several examples are used to show that body-freedom flutter and aircraft
aeroelastic divergence, not wing divergence, are the primary vehicle aeroelastic instabilities to be encountered by
forward swept wing aircraft. These instabilities are shown to occur close to the wing divergence speed, but
depend upon the aircraft geometry and inertial characteristics as well as wing stiffness.

Introduction

equirements for high-speed aircraft performance demand

that close attention be given to the aeroelastic stability of
the vehicle.” Aerodynamic loads caused by the interaction
between aircraft rigid-body motion and structural flexibility
may be particularly important to the correct determination of
vehicle instabilities. Forward swept wing (FSW) technology!2
has provided added impetus to study the potential interaction
between vehicle flexibility and traditional rigid-body flight
mechanics. When an FSW is cantilevered at its root, an
aeroelastic instability called ‘‘wing divergence’’ may appear;
this instability is characterized by a loss of effective wing
stiffness. However, for the free-flight condition, wing root
fixity is no longer present. Because .of this, serious questions
have been raised about the applicability of wing d1vergence
calculations to a freely flying aircraft.

Miller et al.? discovered the potential for interaction among
rigid body pitch and plunge and the flexible modes of a
proposed FSW demonstrator aircraft. They showed that this
interaction could produce a dynamic instability at speeds
lower than the wing divergence speed. Wing divergence did
not appear as an instability in any of their analyses. A similar
aeroelastic phenomenon was also identified by Weisshaar*
during the analysis of a small wind tunnel model. The Air
Force Flight Dynamics Laboratory conducted a series of low-
speed wind tunnel tests to examine the potential for this

unusual type of vehicle instability.’. These tests confirmed’

that, under certain circumstances, wing divergence was not
the true mode of FSW aeroelastic instability. Instead, a

phenomenon termed ‘‘body-freedom flutter’’ appeared as a -

possible mode of vehicle instability. These previous studies
have raised a number of issues that this paper will attempt to
‘illuminate. To achieve this objective, the simplest possible
idealized model was chosen for vehicle stability studies. It is to
this model and these studies that attention now turns.

A Free-Free FSW Aeroelastic Model

It is well recognized that one may modify the calculated
flutter speed of a cantilevered wing by including the free-free
or zero-frequency modes of the aircraft. The earliest report on
the subject of the influence of ‘‘body freedom’’ on flutter is
due to Frazer and Duncan.® A number of other papers and
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reports discuss the potential for producing a dynamic in-
stability by coupling together flexible modes with body-
freedom modes such as the short-penod mode or the roll
mode.”

The cited references on body-freedom flutter . discuss the
essential features of an analytical model for aeroelastic
studies of this type. First of all, the reduced frequency (as
opposed to the actual oscillatory frequency) of the unstable
oscillation is usually low enough to allow the use of quasi-
steady aerodynamics in the model and still obtain meaningful .
results. While some inaccuracies may arise from the exclusion
of aerodynamic lag terms, the demonstration of the
phenomenon is greatly simplified by their absence. For this

" reason, quasi-steady aerodynamic theory (including the

damping terms) was chosen for the present model.

A minimum of three degrees-of-freedom are necessary for
the vehicle stability model. Wing bending flexibility is the
primary source of FSW wing divergence and is therefore part
of the trigger mechanism for flexible aircraft instability.
Fuselage pitch attitude is also important because it ‘is
associated with the so-called short-period mode of the air-
craft. The frequency of the pitch mode tends to increase with
airspeed while, in contrast, the wing bending frequency
decreases with airspeed, creating the potential for a classical
frequency coalescence instability. Finally, the plunge velocity
creates aerodynamic damping that is important to the coupled
motion of the aircraft and, in turn, its stability.

An illustration of the idealized model degrees-of-freedom
used in the present study is shown in Fig. 1. A planform view
of this three-degree-of-a-freedom model appears in Fig. 2.
The airplane idealization has a rigid canard/tail surface in-
cluded. As shown in Fig. 2, this stabilizer surface has a center
of pressure located a distance d ahead of the aircraft center of
gravity. This parameter, d, is less than zero when the surface
is located aft of the aircraft c.g., making it a tail surface. No
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Fig. 1 Aircraft degrees-éf-freedbm
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Fig.2 Planform geometry and dimensions of the aircraft model.

attempt was made to account for aerodynamic interference
between the canard/tail and the wing. A distance x denotes
the distance between the aircraft c.g. and intersection of the
wing quarter-chord line with the effective wing root. This
distance, divided by wing semi-span /, appears as X in many of
the figures to follow.

The equations of motion for this representation are glven
in matrix form, in the Appendix. For this development, a
uniform planform, constant stiffness wing was used. A single
bending mode, taken to be the deformation shape of a can-
tilever beam under a uniform distributed load, was chosen to
represent wing flexibility. The measure of wing structure
bending stiffness is the in vacuo cantilevered wing bending
frequency, w,, expressed in radians/second.

Withi airspeed, V, held constant, the linearized equations of
motion for this model, disturbed from a steady-state
equilibrium position, are expressed in matrix form as follows:

[s? [M]+s[B] +[K]1{£§}={0) M

In this equation, the time-dependent motion is of the form e¥,
while the complex amplitudes of the pitch, plunge, and
bending degrees-of-freedom (or . their nondimensional
counterparts) form the vector {£}. The mass matrix [M] is
real and symmetrical. Bending acceleration is coupled
together with both pitch and plunge acceleration. The source
of the damping matrix [B] is aerodynamic in origin. All three
degrees-of-freedom are coupled  through this matrix. The
stiffness matrix [K] consists of terms due to wing flexibility
and the aerodynamic “‘stiffness” of both wing and canard.

The parameters appearing in Eq. 1 include: wing sweep; wing -

root position with respect to the aircraft c.g. (shown as z in
Fig. 2), canard size and position, and the weight of the wing
relative to the welght of the aircraft fuselage. The general
form of Eq. 1 remains the same if unsteady flow assumptions
are introduced into the problem. However, in that case, the
[B] and [K] matrices are functions of reduced frequency,
k=wb/V.
The aeroelastic divergence condition occurs when s=0.

[K(9)]{£}=1{0} 2

Note that the solution to Eq. (2) requires finding values of
dynamic pressure g that make [K] singular. Since [K]

contains information _about the aircraft wing/canard.

geometry, the expression for the dynamic pressure necessary
to cause a divergence instability will involve parameters
describing the entire airplane, not just the wing.
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Fig. 3 System. elgenvalues as a function of nondlmensmnal airspeed
at sea level, ¥/ V¢, for the case 1 aircraft with £=0.45.

The eigenvalues, s; of Eq. 1 are functions of air'spe‘ed fora
fixed - altitude and airplane configuration. The system

-eigenvalues, for a particular valué of dynamic pressure, can

be real or can occur as complex conjugates of the form
=V-1) ©)

These eigenvalues will be displayed in a root-locus or *s-

S,~=6,~:i:jw,~

plane’’ format to enable us to visualize the effects of various
_parameters on system stability.

The aeroelastic behavior of two FSW airplane con-
figurations will be discussed. The aircraft parameters chosen
are within the range of lightweight fighters. Case 1 will
illustrate the potential stability behavior of an airplane whose
wing is placed in an aft position such that the rigid airplane is
statically stable with or without a canard. Case-2 will illustrate
the stablhty behavior of an airplane with a horizontal tail

‘surface. This aircraft configuration may be either stable or

unstable without the stabilizer, with the tail supplying ad-
ditional positive static longitudinal stability.

Case 1—A Stable Wing/ Canard Combination

The case 1-airplane has a 30 deg swept forward wing, a
wing-mass to fuselage-mass ratio of §=0.11, and a cantilever
wing flexural frequency w, =68 rad/s. The quarter-chord root
junction is aft of the airplane c.g. at the pos’ition x=0.45.
Figure 3 shows system eigenvalues s for 1ncreasmg values of
airspeed V. Airspeed is nondimensionalized with respect to a
reference speed, V., the airspeed-at which this wing would
encounter divergence if it were cantilevered at its root.

In Fig. 3, the dashed lines represent the locus of eigenvalues

.for the uncoupled rigid-body pitching mode (excluding

bending and plingg) and the uncoupled wing bending mode
(excluding pitch and plunge). The uncoupled pitch mode
frequency increases with airspeed; this mode is damped at all
airspeeds. Conversely, the bending mode frequency declines
with incteasing airspeed until its eigenvalue intersects the real
axis and then divides. At an airspeed corresponding to Vpc,
one of these roots enters the right half-plane through the
origin. Note that, in the vicinity of V/ V- =0.90, the natural
frequencies of thes¢ two uncoupled modes are nearly iden-
tical, indicating the potential for a fréquency merging
phenomenon.” When the coupling terms and the plunge:
freedom are restored to the equations of motion, the character
of the system eigenvalues is far different, as indicated by the

"solid curves in Fig. 3. The coupled bending mode 1s well

damped at all airspeeds. At V=Vp., this mode is still
oscillatory. Therefore, the introduction of rigid-body
coupling appears to stabilize the coiipled bending mode.
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The coupled pitch mode frequency and damping increase
with increasing airspeed, until a velocity slightly above
V=0.8Vpc is reaclied. This pitch root then.moves toward the
right half-plane as airspeed increases. At V=0.86V .. the

~ pitching mode becomes unstable at a frequency of 23 rad/s.
Aeroelastic coupling among the rigid-body modes. and the
bending mode leads to a dynamic instability of the airplane
that will be referred to as ‘‘body-freedom flutter.”’

At the higher frequencies and lower speeds shown in Fig. 3,
the reduced frequency is relatively large, leading one to be
wary of the quantitativé results. However, near the instability
speed, reduced frequericies are in thé range 0.02-0.03, so that
more acceptable accuracy is anticipated. Although the
traditional scheme of identifying aeroelastic modes (bending,
pitching) has been used here, each mode contains large
amounts of bending, plunge, and pitch displacement.

While the inclusion of the aircraft plunge degree-of-
freedom is important to the analysis, the two. roots
corresponding to plunge displacement and plunge velocity are
not-shown in Fig. 3. The plunge displacement root always lies
at the origin of the s-plane, reflecting the fact that our model
is really a 5th-order model, since altitude changes produce no
forces or moments on the aircraft. The plunge velo‘city root

- for this example was found to lie on the negative real axis very ‘

near the origin, for all airspeeds investigated.

Figure 4 illustrates the eigenvector associated with the
unstable pitch root. Downward plunge is accompanied by
nose-up pitch and upward wing bending. These motions are
nearly in phase with each other for x=0.45.

As the cantilever wing divergence speed is approached
aeroelastic forces cause the wing to become more flexible,
While downward plunge velocity and nose-up pitch velocity
cause wing aerodynamic dampmg moments - that tend to
oppose additional pitching motion, the wing bending velocity

is in the opposite direction and creates a negative effect. The

wing bending velocity causes negative damping moments that
overcome damping supplied by the pitch and plunge motion
of the aircraft. Thus, wing flexibility leads to a ‘“pitch’’ in-
stability.

In addition to the body-freedom instability just discussed,
an aeroelastic divergence speed occurs at a velocity V="Vp,

Fig. 4 Body-freedom flutter mode with % = 0.45 and A= — 30 deg.
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Fig. 5 System eigenvalues for coupled bending and pitching modes'
as a function of nondimensional airspeed, V/¥pc, for the case 1
aircraft with x=0.33.
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=2.59 Vpe. The mode shape for this instability involves
upward wing bending and nose-down pitch. This type of
instability will be discussed later in the paper.

A plot of the eigenvalues for this aircraft when the wing is
moved forward to ¥=0.33 is shown in Fig. 5. The cantilever
wing divergence speed is unchanged. One noticeable dif-
ference between Figs. 5 and 3 is that now the “‘ancestry’’ of
the flutter mode appears to be the wing bending mode. The
pitch mode is now stable beyond V= V,.. Despite its ap-
parent change of ancestry, the dynamic instability with
x=0.33 still occurs at about the same frequency as that shown
in Fig. 3, and still involves substantial coupling among the
three degrees-of-freedom. Note also that the body-freedom
flutter speed has been increased by decreasing the longitudinal
distance between the wing and the aircraft c.g..

With the canard position relative to the aircraft c.g. held
fixed, the wing position, X, was varied to determine its effect
upon vehicle aeroelastic stability. Figures 3 and 5 are typical

-of the two types of eigenvalue behavior observed during these

studies. Figure 6 presents a synoptic of the relationship
between wing position X and the nondimensional flutter
speed, Vy/Vpc, and flutter frequency, wp/wp. Also shown on
the upper scale in Fig: 6 are values of static margin associated
with this example

In Fig. 6, it is seen that longitudinal movement of the wing
toward the ajrcraft c.g. is associated with an increase in the
body-freedom flutter speed. The ratio Vp/Vp- actually
exceeds unity when the aircraft is statically unstable. These
latter values have no significance, however, since the aircraft.
cannot be flown in a statically unstable regime unless stability
augmentation is added. In that case, the present analytical
model is no longer valid. Note also that the flutter frequency
is in the vicinity of one-third of the in vacuo wing fun-
damental bending frequency. In addition to the body-freedom
instabilities, the aircraft may encounter aircraft deroelastic
divergence: This mode of instability is aperiodic in time, and
it is to this potential mode of instability that attention is now
turned.

An aperiodic 1nstab111ty occurs if an exgenvalue sis real and
greater than zero. This mode of instability is sometimes
referred to as ‘“‘dynamic divergence.” It has been charac-
terized by the onset of a looping maneuver in which the in-
creased lift from the flexible wing drives the aircraft upward
(or downward) and also increases the pitch attitude. The term
dynamlc divergence is somewhat tautological. Therefore the
term ‘‘aircraft aeroelastic divergence” will be used. to réfer to

_the static vehicle instability produced by combined rigid-

body/flexible-wing displacement.’

The presence of aperiodic instabilities may be detected by
using Eq. (2) as an eigenvalue problem with g as the unknown
parameter. Values of g that cause the matrix [K] to become

’ Static Margin, Ky
-0l O 02 (O B

wr

032
030

028

030 035 040 045 080
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Fig. 6 Nondimensional body-freedom flutter speed Vy/Vpc- and
flutter frequency wp/w, vs X and static margm Ky, for the case'l
aircraft.
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singular correspond to neutral stability speeds for the aircraft.
There are three solutions for dynamic pressure that produce
neutral stability of this three-degree-of-freedom model.

First of all, the aircraft is neutrally stable in plunge at any
airspeed since there are no nonzero terms in the [K] matrix
corresponding to the plunge degree-of-freedom. Second, if
g=0, the aerodynamic pitch stiffness becomes zero and the
aircraft is neutrally stable in pitch. Finally, a third root,
termed gp 4, exists; this corresponds to an aircraft aeroelastic
divergence dynamic pressure at airspeed V.

The value of the speed Vp, in relation to Ve, the can-
tilever wing divergence speed, is found from the determinant
of the stiffness matrix given in the Appendix.

ZZ;’ - Qy‘—jg: jjf‘?sinA) >/ @

e : y=Xx+ VasinA , (5)
and ¥ N CL% o
=6k cosA (7) (E) ( C.. >/COSA ©)

¥ is the longitudinal distance (in wing lengths, /) between the
airplane c.g. and the rigid wing spanwise center of pressure
(CP) at the wing midspan. The numerator of Eq. (4) is.a
measure of the longitudinal static stability of the rigid aircraft
since, for a stable airplane, (F—df) must be greater than
zero. Equation (4) indicates that Vj, may be substantially
different from Vpc, dependmg upon the wing sweep angle
and the placement of the wing and stabilizer surfaces with

respect to the aircraft c.g. Note also that, consistent with the -

term ‘‘static’’ instability, no inertia terms appear in Eq. (4).
For the present aircraft configurations, the ratios V4 /Vpc
and Vi/Vpc are plotted vs x in Fig. 7. The canard size and
position (corresponding to the term df) are held fixed. Note
that, as X decreases from a value of 0.55, the aircraft
divergence speed increases rapidly until, near x=0.35, Vp,
becomes infinite. Further forward movement of the wing root
(a decrease in static margin) causes gp,4 to become negative,
so that Vp, is imaginary. With a zero static margin,
Vpa/Vpe =0. As negative static margin increases, so too does
Vpa- However, the rigid airplane is now statically unstable,

so that the Vp,/Vpc values to the left of the zero static

‘margin line in Fig. 7 are not attainable.

Static Margin, Ky
0 02 04 08
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Voe ‘
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Fig. 7 Nondimensional instability speeds V/Vpc and Vp ,/Vpc vs

% and static margin Ky, for the case 1 aircraft.
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The effects of both wing position and horizontal stabilizer
position on aircraft aeroelastic divergence are illustrated in
Fig. 8. In this figure the ratio Vp,/Vpc is plotted against
static margin for the 30 deg FSW aircraft with the wing in
three different longitudinal positions. Static margin is varied
by moving the horizontal stabilizer. Equation (4) indicates
that “ the stabilizer location cannot affect the aircraft
divergence speed if A= —30 deg and x¥=0.30. This is in-
dicated by the horizontal line in Fig. 8.

If the wing root is placed in the position ¥=0.35 and the’
static. margin is then varied by changing the stabilizer

_ position, the aircraft divergence speed will be above V. if the

rigid body-static margin K is positive. 'As K tends to. in-
finity, Vp, approaches Vp. This occurs because the tail acts
as a pitch spring. If the tail lies far enough aft of the c.g., the
fuselage is effectively restrained against rotation. The aircraft
divergence event closely resembles a cantilever wing
phenomenon. As the tail moves closer to the c.g., some
aerodynamic load relief, in the form of fuselage pitch, is
furnished. This has the effect of increasing the aircraft
aeroelastic divergence speed. This effect is similar to that
described by Hancock!® in the case of torsional divergence of
an unswept wing.

When the wing root is placed at the ¥=0.25 longltudlnal
position, a tail surface is required for positive static margin.
For this case, Vp, is below Vp. in the range of practical
interest, K, >0. The primary source of the divergence in-
stability in this case is the destabilizing aeroelastic effect of
the forward CP shift caused by wing bending.

This latter result suggests that, in some cases, aircraft
aeroelastic divergence, not flutter, might be the critical mode
of instability for the FSW. To examine this possibility, at-
tention will again turn to the dynamic instability problem.

' Case 2—Wing/Tail Configuration

Longitudinal stability of the aircraft can be maintained no
matter what the wing position ¥ may be, provided that the
horizontal stabilizer is properly located. In some cases, d must
be negative. Figure 9 shows a plot of the eigenvalues for a 30
deg forward swept wing with the horizontal tail positioned at
d=—1.5 and —2.0. For this example the wing root is placed
at x=0.30 so that the aircraft aeroelastic divergence speed is
not affected by the tail position. With d="—1.5, body-
freedom  flutter. occurs before divergence. However, when
d=—2.0, flutter does not occur at.all because of the
“‘looping’’ characteristic of the bending mode eigenvalue.

In Fig. 10, plots of the instability speeds, as a fraction of
Vpes are shown vs stabilizer position, for this aircraft with
%=0.30. In the range —1.80<d<0.15 body-freedom flutter
is the critical mode of instability. Outside this range, aircraft
divergence appears at a lower speed than flutter. For values of
d less than —1.95, flutter always appears at a higher, but
unattainable, speed. If d is less than —1.15, boty-freedom
flutter will not occur at any airspeed.

N ‘l - 1
-10 -05 o] 05 10
Rigid Aircraft Static Margin, Ky

Fig. 8 Nondimensional aircraft divergence speed V' 4/ Ve vs static
margin for three wing positions of the case 1 aircraft.
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Fig. 9 System eigenvalues for co-u;!al_b—ehding and pitching modes
as a function of increasing airspeed. Case 2 aircraft with a horizontal
tail at two different positions.

'
. Vo
Divergence
b 10—
Fluﬁer}
1095 | '
Zero Static Margin ———/\/ll
: ~ Hoso |
" 1 a 1 2 ] I
-20 -5 -10 -05 -0 05

=4

"L

Fig. 10 Effect of horizontal stabilizer postition d on nondimensional

flutter speed and aircraft divergence ‘speed. Case 2 aircraft with
x=0.30.
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Fig. 11 Effect of horizontal stabilizer position d on nondimensional
flutter speed and aircraft divergence speed. Case 2 aircraft with
x=0.25.

Similar plots are given in Figs. 11 and 12 for the saine
configuration, but with the wing root placed in the positions
x=0.25 and =0.35, respectlvely With the wing root at
x=0.25, a horizontal tail is necessary for longitudinal
stability. Figure 11 indicates that aircraft divergence is always
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Fig. 12 Effect of horizontal stabilizer position d on nondimensional
flutter speed and aircraft divergence speed. Case 2 aircraft with
x=0.35.

the critical mode when xX=0.25. Body-freedom flutter always
appears at a higher, but unattainable, speed. If d is less than
—1.15, body freedom flutter will not occur at any airspeed.
Figure 12 summarizes the results of the stability analysis of ™
the airplane when the wing root reference point is at ¥=0.35.
In this case, body-freedom flutter is critical for a range of
stabilizer positions —2.62<d=<0.5. Beyond d= —2.62,

 flutter does not occur at any airspeed. Aircraft divergence

speed declines as the stabilizer moves aft, indicating that an
increased pitch stiffening is present.

These latter results indicate that when the wmg root is
positioned far aft of the c.g., body-freedom flutter is likely to
be the critical instability mode; if so, it will appear at an
airspeed less than V.. Moving the wing forward tends to
increase the flutter speed and decrease the aircraft divergence
speed. For a given aircraft, which of these two instability
modes is critical depends upon the stabilizer placement (and
size).

Conclusion

The purpose of the idealized FSW aircraft stability’
examples presented in this paper was to identify potential
problem areas related to the dynamic stability of a freely
flying, flexible, forward swept wing aircraft. Because of the
simplicity of the model and the limited number of examples .
studied, it is not possible to draw conclusions relevant to all-
FSW configurations. However, a number of results obtained
from these examples are significant.

Because the phenomenon of lifting surface divergence
involves a destiffening of an aerodynamic surface, with the
potential . for generating large aerodynamic forces and
moments, the deliterious coupling of a low-frequency elastic
mode with FSW aircraft rigid-body modes of motion has been
shown to be a very likely possibility. This coupling may lead '
either to a dynamic instability, termed body-freedom flutter,
or to an aperiodic instability called aircraft aeroelastic
divergence. The degree of modal interaction depends upon the
inertial, aerodynamic, and stiffness characteristics of the
aircraft. For the configurations studied, the instability speeds
of the freely flying aircraft were close to the clamped wing
divergence speed; however, the modes of -instability were
substantially different from those associated with cantilever
wing divergence. The results of these investigations indicate
that the location of the horizontal stabilizer and the wing
relative to the aircraft c.g. is important to flexible FSW
aircraft stability. In particular, the presence of a large tail (or
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tail volume) may provide enoughfaerodynamic pitch stiffness
that body-freedom flutter is precluded. However, in that case,
aircraft aeroelastic divergence or other conventional flutter

phenomena may become active constraints. on the flight

envelope. v
Finally, the results presented in this paper are derived from
considerations of attitude stability. The development of the
equations of motion has assumed that the perturbations of the
aircraft motion from a rectilinear flight path are very small.
In this case the axis system used to, describe the pitch, plunge
and bending dlsplacements is translating with the aircraft at a
constant speed and is thus Newtonian. As Milne!? points out,
there is a potential drawback to this approach in that changes
in forward speed are excluded. As a result, the possibility of
coupling' between the short-period mode, as it tends to
divergence, and the phugoidal mode is excluded from the
present analysis. While such short-period/phugoidal coupling
is possible, it has not been observed in any other FSW studies
known to the authors. However, the present results do in-
dicate that close attention should be paid to the interactions
" between traditional rigid-body or zero-frequency modes and
. structural modes of the vehicle. Therefore, for analysis
purposes, it may be wise to investigate the potential for such
interaction on an actual flight vehicle that has aircraft
aeroelastic divergence as a design constraint.
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Appendix;Equatidns of Motion

Nomenclature
b =b/l
C,,Cr, =lift curve slopes  for wing and canard,
respectively :
d =d/l
(8./8)(Cr, /Cp,
f — (4
COSA
I " =fuselage pitch moment of inertia about its c.g. -
I, , =wing cross-sectional mass moment of 1nert1a
‘ about the y axis
m =wing mass. per unit length along spanwise .y
axis .
Mg =fuseclage mass
My =total aircraft mass
Fo =fuselage nondimensional radius of gyration,
—_ I /M, 12) 2]
Fy —w1ng sectional radius of gyration,
= (I,,/ml?)*
S =planform area of right half of wmg
S, =planform area of right half of canard/tail
X =x/1
¥y =X+ VasinA
Z =z/l=%+ (b/2)cosA
8 =2ml/ Mg
W =7pSbh/ My
0 =air density

This Appendix presents the equations of motion used to
describe the three-degree-of-freedom forward swept wing
aircraft. The definition of geometrical parameters used in this
development is presented in Fig. 2. Degrees of freedom are:
w, aircraft plunge, positive downward; 6, aircraft pitch at-
titude, positive nose-up; and #, wing bending deformation,
positive downward. The equations of motion were developed
using Lagrange’s equations, together with an assumed
deflection shape for a single wing bending vibration mode.
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Table A - Parameter values for this study

I=15ft. B=0.11
My/28=3.8 , Fg=0.61
Fy=0.0 ' f=0.17.
wy =68 1ad/s 5=0.1453

The analysis is restricted to a uniform planform wing with
its mass distributed uniformly along and about the y axis
located at the wing midchord. The mass matrix was developed
by assuming a mode shape for flexure, A ( »,t), relative to the
effective root. The wing flexure is given in terms of wmg tip
deflection, A(¢).

h(y.t)=h()y(») ' (AD
where -
Y =Y%16(/D2+4(y/D)3 + (/D] (A2)
The mass matrix is. then calculated from a kinetic energy

expression that includes the inertia of the wings and fuselage.
The structural stiffness of the wing is developed from an

. expression for U, the bending strain energy of the wing. Wing

strain energy may be expressed in terms of the in vacuo
cantilever natural frequency v, as:

U=2 [é mwﬁS; fdy]i? (A3)

The aerodynamic forces acting upon the aircraft wings and
the canard are deformation dependent. Although the flow was

- assumed to be quasi-steady (k=0), two-dimensional unsteady

strip theory (see Ref. 18) was used to develop expressions for .
the distributed wing lift and pitching moment. The principle
of virtual work was used to develop the generalized forces
necessary for Lagrange’s equations. The line of aerodynamic
centers is assumed to be at the Y4-chord position in this
formulation. Thus ratios of Vz/Vpe shown in the main body
of the paper are strictly valid only for subsonic flow. In
keeping with quasi-steady assumptions, the Theodorsen
circulation function, C(k) =F(k) +iG(k) was set equal to
unity, i.e. F(k) =1and G(k) = )

The aircraft plunge and wing tip displacements have been
normalized with respect to the wing span dimension, /, so that

anew set of coordinates { £;} are defined as follows:

£ ur 0 0] (w
Et=1 0 I/ 0|k (A4)

) Lo o 1{e

In terms of the nondimensional coordinates in Eq. (A4), the
matrices in Eq. (1) are given below, with the following
definitions of additional parameters:

D=pVSC,_cosA/M; (A5)
Q=pV?SC,_cos’A/Myl - (A6)

The mass matrix [M] is composed of two parts, that due to
aircraft mass and that due to apparent mass of the fluid

_surrounding the wing. The mass matrix may be written as:

[M]=[MD +u MO ' (A7)

The matrices in Eq. (A7) are defined in Egs. (A8) and (A9).
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J+ VsbcosA

B -
£0_4 y+ 5sinA+ g cosA
405

(MP ] = (A9)

L1 b
Y2+ —sin’A+ 5 cosA

. 12
Symmetrig 3.
+3 bcos?A

The aerodynamic damping matrix is written as:

[B1=DI[5] ~(AL10)

T. A. WEISSHAAR AND T. A. ZEILER

where [B]=
A B 2 - -
1+f 3 anA+3 +b(¥2+cosA) ~fd
2 b 104 b 2 2
‘ 2 e 2 sinA A)
3 4tanA+405 Scosh +5 <y+9sm + beos
b/ sinA by P
- (7+=— )tanA ~ = sin?A
2 <y 10 )tan 2cosa 200
- 2 2 in?
y=rd| + 3 (J7 +35 sinA) + ()72 L bycosA)
b? .
I + 7 sinA +fd?

(A1D)

The combination of aerodynamic stiffness and wing struc-
tural stiffness provides the terms in the [K] matrix.

J. AIRCRAFT

0 | QtanA

Q
= tanA
> tan

[K1=1{ 0 (Al12)

b <1f6) (%) éa)Qs—A

smA) Qo fd

cosA  cosA

0 »QtanA(y+

A number of parameters used to compute matrices appearing
in Egs. A8-A12 were held fixed throughout the study. They
are given in Table Al.
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